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NEW INVESTIGATIONS OF THE OPTIMUM RENDEZVOUS
MANEUVER OF SPACE VEHICLES ON ELLIPTICAL
TRAJECTORIES FOR MINIMUM FUEL CONSUMPTION

Alexe Marinescu¥, Stefan Staicu ¥¥, Vliadimir Cardosk##¥

1. Introduction

It is difficult to obtain analytical solutions to the optimum

rendezvous maneuver problem for minimum fuel consumption and assum-

ing elliptical&trajectories, if variational calculus is used.

In spitelof the various formulations of the variational prob-
lem for the rendezvous maneuver on such trajectories, only a few
authors swere able td finding analytical solutions for the optimum

variation laws of the flight parameters during the powered phase.
As far as we knowjno numerical results of any practical interest
have been published. In the following we will treat the rendezvous
maneuver Eggﬂ minimum fuel consumption on elliptical trajectories.
This is based on the general formulation oﬂ the variational problem
for the rendezvous maneuver on arbitrary conic section trajectories
which was developed by Al Marinescu in [1]. We will give a compact
but very complete description of the problem. We will emphasize
the most advantageous solution paths for optimum motion of the
propelled spacecraft in a critical investigation. We will then

KEXEX
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obtain useful numerical results. The hypotheses and approximationél
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which are used as a basis for the differential equations fbr deter-
mining the extremal functions were specified in [1,2]. Also, we
should point out that the accuracy improves if the eccentricity

of the trajectory is small, i. e. the thrust phase can be longer the
smaller the eccentricity.

The results can be used for large eccentricities (e>0.1)
during the contact phase because of the approximations. TFor small
eccentricities (e€<0.1l) it can be used for the contact phase as well

as for the approach phase.
2. Notation

0XZY Inertial system with origin at the planet
center (Fig. 1)
Axzy JEg;égt rixed (br@;tgl)“cooféiﬂéfgfgggteﬂ
X, Z, ¥ Coordinates of the propelled gpacecraft]
| _in the orbital system
r, (t) Radius vector of the target body :
Top Radius vector to perigee

o} Focal parameter of the trajectory of
the target body

£ Eccentricity of the target body trajectory
u Gravity parameter
¢ (t) True anomaly of the target body
t Time
T Burn duration
VthVﬂ Components of the relative velocity of
the propelled gpggggpagt,in the orbital system
i 4, Components of the| thrust acceleration in
1 B 0 | the orbital system
sigagﬂ Components of the gravity acceleration of the .
orbital system b
%namaw\ Cgmpghgnts,of‘gélative (total) acceleration in
the orbital system o
. Coordinates of the target body at the beginning
Tots @1 | of the maneuver (Fig. 2) f



Notation - cont'd

"To2, P2
‘ J Coordinates of the target body at the end
of the maneuver (at the contact time)
r?%fm\ Average coordinates of the target body
[é_(_’m + 709)/2, = (py + @s)/ Z]J
Ay, oo, A
o '_f} Lagrange Multipliers.
1
|
' zl 4 ; 7)“
B " 72,9
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3. Investigations of the optimum Rendezvous
Maneuver based on linear ‘Equations of
Motion of the Powered Spacecraft

(linear theory) '

Just as was shown in [1] within the framework of the linear

).

theory, the variational problem. of optimum Tendezvous maneuver for

minimum fuel consumption on the elliptical trajectories (0<e<l)

amounts to finding the minimum of the functional ---

7= { a2+ a2+ a2 dt , |
J)‘ I‘ 2 U (1)
with the conditions - - - L ‘
' (P1=*d-f—vz=0, _' l f
dt :
i
dv, , !
_(I)z= dt'—a1x+agz'—asvz~az=0, o 7 (2)
{
d ) ;
¢“=E?‘“=°' : /
!
) = SO



s} /
! I

gy= A Brz+agV | 5
- T K X — z & —_ = ) ¥
4 ‘dt 2 1 3 Ve az 0 7 ’ ‘ ( 2 ) :
dy ! ! cont.) '
Qs = — Vy = 0 ’ ! 7 ?
dt
dav, - | .
il Pe= —ZL + =
” s i "y ay=20 '
;
where
(=l I
1 4 3 7’ ! '
. \\‘ )% Yo Yom
\ 2pe | :
\ &y = ——sinQu, '
| Tom ‘ : ( 3 )
i ‘» as = 2 V‘:tp ’ : !
4 'l Tom i j
. 4 up | 2m
' Aﬂl = 1 + 3/ ! f
: 4 Tom Tom |
R {
nE » !
Tom . 1

Using the method described in [1,2], we obtain the following differ-

ential equations, for-the extreme curve:

f
%L‘——allz—azl“ %="11+a314,
“-igti-_-az,zz—ﬁl;,“ %=—a31§—1,, j
.%%=jﬁh, %%=f—lw | : (4)
;%J_:—:v“ d“i/t’=alx-—agz+aavz+a1, I| .
»'%%=V,, -E‘%i=,x2x+ﬂlzfa,Vz+az, '
: : ; .%=Vy, d—;/t‘z'l"——'—?zy'*'“u [“‘““’W)

b
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We also obtain the following algebraic equations

2a,—A=0, 2a,—A=0, Zay—j»s:oj

(5)
The solutions of the systems (4) and (5) represent the

optimum variational laws of the motion parameters of the powered
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spacecraft, which characterize the optimum rendezvous maneuver on
elliptical trajectories for minimum fuel consumption.

3.1 Exact Solutions

We will now attempt exact integration of the differential
equation system (4). First of all we should note that the fifth
and sixth equation lead to

dz i
”F;'*'J’llﬂ:o :
‘ (6)
and the eleventh and twelfth equation lead to
d2
Ez‘l!-*-)'ly:uy \
(7

These equations can be solved without any difficulty.

The other equations can be grouped into two different systems.
Classical methods are used for theilr integration.

The following system is the result of the first four equations

( di
_"—ﬁl—allz*ag;.‘:o,.
——%—ll+a,l4=0
8
. R R T ‘o)
dt 2 /2 174 - ’
di
—‘E‘“_aa;-z”)u:,:o

using the usual substitutions L o
Ay=Ae", 2y;=Be", ly=Cet, i,=De"



we find the following characteristic equation

f"’*‘.(0‘32'“-.31"0&)r2+2aeasr'f—zlﬂi+a22=o, (9) !

]
+

a

which has two real roots n, /] within the range of values of

interest in practice. It also has two imaginary roots n=v+in, n=v—in| .

i

The solutions of system (8) obtained in this way are

A =my, Cy et + my, Cpent + - ’

. + (a, cosn t —bysinn 1) G et +
+ (ay sinn t + by cosn 1) Cy et,

Xy = mgy C; it + mgg Cy €7t +

. + (agcosn t — by sinn £) Gy & +
+ (ag siny t + by cosn t) Cy et

lg= gy Cy ent + mys Cy nit + |

! + (a, coén t—bgsinnt) Cse* +

,: + (a3 siny t+ bycosn t) Cy et (10) !
v( 14="i41C1§"‘+m42Cge’:'+
i -+ (agcosnt— b,sinnt) Cyet+
! | + (a; siny t + by cosn t) C, e

with myy =1+ (B — &%) 11— ag &3,

Mgy = r®— Py,

My = oty T frag, my= "o3n ™ G,

M= — 1+ (B — ) 1y — X &3,

My = 12" — By,

‘m32=0‘27’2+510‘3, Myp= — 03Ty ~ Xg, '
ag=— 33+ (B )y T d oy, _{
by=—3vn+n+ (B~ "),
ap=vt—n*— By, b,=2v7n, g
ag=o0p v+ fyag, by= g7, :

| a=—vama, b= o

arTTTT

for the homogeneous system | owE e |
oav. :
| o T mr T ezTa V=0 .
F %—V,=o,
f . C (12) -
LAV,
o dt —opxtayVe—fiz=0 L




\ |
and using the notation ; \ \
x=Ze7‘, Vz_:_B_e'r't’ z=Ee7’, Vg:ﬁe’r't
_ . E. . . \ \

we obtain the following characteristic equétion
| t

| \ (13)

{13) 7+ (2 — By — o)) P—2masrto it a?=0.
! \

|
)

Since the characteristic equation (13) iS»onlyydifferent

from the characteristic equation (9) because of the sign of the
coefficient of‘ﬁi we obtain the following result from the theory

of algebraic equations
A ;15""1' TR=—"rs,
{ ?3=——Av—in', fa=—v+in. (1}4)
In this case the solutions of system (12) are given by
x=;1,1 C; e"1‘~}.-n.12 Coent + ) )
+ (cicosnt+d, sing t) C; et + ,
t(—csinpt+d cosyt) Cget, ll
Ve=ny Cyet+ ng Cgent + :
+(cecosn t+d,sing ) C, et + l‘ ;
f (15) ¢

+t(—casingt+dycosyt) Cget,

z2=ny Cse +ng Cyent + -} ,
“ t (cycosn t+dgsingt) C; et + | ‘
: ‘ + (— ¢y siny t + dy cosy £) Cg et
Ve=ny Csernt+n, Coeret + X ’
+(cycosn t+d,singt) C; et + ,

+ (—cysinnt+d, cosy t) C; et

'
n
ou




~
'_l
=
\O

with . -
i ny=—rd—(a?—B)rn—aa,
): Ngy = & "12"‘ ag oy ry — (o By + axg?) , (16)
"' Ny = —rag &0, ng=rlataayr,
ne=—r'—(at—f)rn—-aa, :

Ngg =yt ~ oy a5y — (g fy + %),

Ngg™= —ra Gy 0y Gy, Mye =1 ay T 519,
¢y =ay, dy=by,

=0 ot —aayy —a fiy — ag?,
dy=2viay—ayasn,

C3=—Vog— 0 &y, dy= — Ny,

=0~ ta oy,

d4=21'1]0:2+0(10¢'317.

gonsidering the solution of equation (6)

25=C,coswt+C;osinwt (0= V7)),

(17)

of solutions (10) and the algebraic equation (5), we find the
following components of thrust acceleration

1 .
ar = _i_ [mgl C] er‘t + Moo C2 e”‘ +

+ (as cos nt—bysinyf) Cgert +
+ (ay siny t + by cosn t) Cye’’],

1
] @< 5 [myy Cy et + myy Co et +

‘3 + (ag cosn t — bysiny t) Cy et + (18)
+ (a, sin  t + by cos 9 t) Cy €]

1 : 1 .
ay = 7C9coswt+ —Z—Cmsmwt.

\

These expressions can now be considered as the.right terms

for the second and fourth equation (12) as well as for the homo- ,

geneous equation corresponding to (7). The solutions of the non-

homogeneoggequationﬂare derivedifrom the solutions of the homo-

geneous egpationﬂusing the variation of constants method. The

calculations performed by the authors are quite complicated and
i



it is not easy to follow the solutions.

Considerable computational effort is required to determine the
integration constants. The work is even increased because of the
solution of the characteristic equations for any change of an
individual parameter.

!

The increased accuracy determined in this way does not mean
this method should be used. This is because it is easy to make
mistakes due to the great complexity’ of the calculations. This ig)

why the authors believe that the approximation method described

in Eé] is more desirable.

3.2 Agproximate Solutions

According to the @bthod mentioned, new solutions for systems
(4) and (5) are calculated, which were used for numerical applica-

tions. An electronic data-processing computer was used.

Without going into detail, which can be found in 12], we will
only give one of these new expressions for the optimum—;;riational
law of the equations of motion of the propelled spacecraft, which
‘was determined according to this method:

= 1(21‘_9 _.Of’__gi’)sinKt-"

ar 2 K K2
1{a;C, ﬁ&) _G, . G S
- —i( % + 0 cos Kt 2 2

c .
a;= %cosKt-l-—z—zsinKt,

a’”=A.(—;—5coswt+ %sinwt, , j , J
' N N - : (19)
o . .
V,= <...——O;2Ka -~ 23K2> tsin Kt~ ‘ j
P J
& N &g M { { ;
- (—2_25 +- 5 Kz) tcosKt+ I WWWWWWW;
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N_G G
o (3 )
M _ G Cg)] .
+a(3i ~am TR K

M G ,G
‘%MF+MJF%

J /N . G ,C ] -
i R i 1o P —
: a3<2K3+2K2+ K) cos K :
_0(20:3_(_:2 |

12 K2 ;
+(0‘2 a3 Cy +“32 Cs _Ca) 2

4 K2 4 K? 4

o2 C C

M . N
Vz"—z"-k'tSant Z—EtCOSKt"I"

+Cycos Kt + CysinKt+
a3 Cs _O‘aC4
+2K2 2K’

: C
Vy= 2tcoswt+ Egtsmwt-!—
4 4
I
j + —C5——wC7 sinw t+
4w

+(wCs—z%)coswt,

b x= (ﬂ-l—ﬂ).tsinl(t—

2 K¢ 2 K8
_ azM_lst)
(———2 X 2K tcosKt+

M, G )
+[°‘2(21<5 HEYN S

“O‘a(ﬁ‘l' < £aﬂ)]sinl(t-—

K* 2K3 K2
- 3N _ C, 'Clo>, ’
[“’(21(5' st/
: L (MG co)]v _
N R + oy (K‘ 7K + %3] ) <o Kt
I L5 “

48 K*

(19)



z= —

-z

with

K= Vo2 —§,, sz;’—x—,

M= l("""ch* +

N=

ay ay Cy

. &g2 C, C .
+ (_.....___~ 433 —_J) 3 -
12 K2 12 K? 12 !

— (ﬂ_zg_l_l__*_ 0.32 C4 — _(_:4

4

N sin K

M Cﬂ
* (21(3 tx

N Cw)
TS

C
¥= —Ztsinwt— —tcoswt+
4w w

Mt
t— SKE cqs K.t +-

sin Kt —

cos Kt+

3 Cy , a3 Cy

YOy R

+Cicoswt+ Cgsinw t

&y (X3

2 K

_ _l—(cxszcl 00y Gy

e Cy + K cz) ,

2 K

- +Kq)

(19)

Expressions (19) contain 13 arbitrary constants‘gﬁCmA,,cmm
They are determined from the initial conditions

the contact ‘conditions

x(0)=xp,
z (0) =z,
y(0)=yo,
x()=0,
z(r)=o0,
y@=o,

Ve (0) =V,
V:(0)=V,,
Vy (0) = Vo .
V: _(T) =0,
V:(x)=o0,
Vy(r)=o0

(21) .

(22)

11
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and the additional conditions

(23)

The latter conditionfiﬂthe result of the fact that these solutions
obtained must satisfy the tenth equation (4), which Eé§~been

differentiated [2].
thirteen constants from equations (21), (22), and (23).

The following relationships are used in these expressions:

12

S

e
2

6‘ 62 63
C = 1, C = —, C = -y
1 60 2. (’0, _s 60
Co= =5 (B ot By Ca+ BoCs— By),
. B
Ci= _53_, C°=4w(w—2“Vyo),
10 . . Bl .
B %3
C:= Y. C8=“B_j' Co=Vat ZK"C“
) ' &g Xy O‘aCs_. '
Cwo= KA C,— “(‘C, o Kz,
o C‘d -
Ci Z’K:’
| cum Vi = A G- A G -2c+ 2 C
i 127 Vo T et T Ae bz ey M0 T e 0
)
! &
CIS = Xp — Al C‘ + A2 C2 “‘3 CB 2 ClO

60=D1D6D11+D2D7D9+D3D5Dm_

~ D D; Dyg~ D Dy Dyy — D Dg Dy ,

(51 = Dg D1 DIZ + D3 DB Dlo + D4 D(; D“

I
f * — Dy Dg Dy, — Dy Dg Dyy — Dy Dy Dy,

=D, Dg Dy, + Dy Dy Dy + Dy D; Dy —

‘ ] — Dy D; Dyp — D Dg Dy — D, D; Dy,
? D, Dg Dy + D, Dy Dy + D, Ds Dy —
J ) — Dy DgDyy— Dy D5 Dy — Dy DDy,

The following expressions are found for the

(24)



Ao

_ . .
' Dy=B; By — By Bys, D, = B; Byy — B; Bz,

Dy = B; By, — By Bys, D,=B;B;y— Bg Byz .
D;=B; Byy — By Biz, Dy=B; By; — Bs By

' D;=B; Bis — Bg By, "Dg=B;Bjg — Bg Bz,

¢

Dy = B; Bjy — By Bz, Dyo=B; Bao — B; Bas
D,; =B; By — Bs By,, Di2=B5B; By — Bg-Bes

B,=Ap(wrcoswr—sinw 1)+

+ <a)A20+

COsw T

)tsinwz,

Bo=A (t Vyp T yo) coswt +
+ (Vi + 2522 sino

By=4w Vy Ay T 0 ypsinwr —

B,
—wg'—(coswt+4wA20),
1

2_lasT~KA10> A4T+A5,

B4=~—A1+A3(K2

Ko &
By=A;+ Ay — Ag 7 — 42Kf(7<5+a31 KAm),

g X3 T2

_ _ O3 _
=4 zl<4<1<2+‘“ KA‘°>+_41Z4_'

_B7=As'— (321—0(3'_1( Ag)

ZK4
By = ~xo+zo<%2§+0‘37—KAlo)“1vf°+

1%
] +—K‘z§(0‘2f—0‘a K2 Ay),
B,?AH—A,cosKr,
%3
- Byy=Apt Kscosl(z,
. _ T _
B"—'4K2 ZK“(I cos K1),
By, = K1),

- V2o
By = ——zocosKr——k—-s_inKr,

PR

13



By = Ay (a5 + K2 Ag) — Ay + Ags

&y & . ’
By= — 421(: (x5 + K2 Ag) + Ay — Ass,
« ' 0y Oy T
Byg= — A — *2“1%; (s + 1.<2 Ag) + — i

[ £ [« €3

By;= Ay - 2K (‘K2 —-K Axo) ’
Byg=1zo (a3 + K2 Ag) — Vi + Vi <% —K A,.,) )

' Byy= Ay +KAgsinKz,

e &3 .
\320=A18—- —SIDK'[,

4 K¢
&
Bz,=—2123(sinl<t—1<r),'
&
Byy= — 2122(1—cos;1<'z),
Byy=Kzosin Kz — VzcosKr,
‘ g 0i® 5 ag ‘
A= + ,
' 4K®  4Kd
2 4K7 2K8’
g2 1
Ag= —_,
5 4KY 4K
A ,___“22“3 o' g
¢ 2KS  aK+ gk’
o
A= 4IzatsinKt——

2 3 )
_(az cxa+ % + a’)rcosKr-i—

4 K* 4K 4K?

2y 3
+(3a2_ﬁ+ c )sinKr-i-

4K 2K
op 05
+
(G

5,
4K

‘ _ [oPas o d,) . _
A, (4K“+4'K“+4K‘~' rsin Kt

« &y g2 5« .
- L tcosKr-f-(—2i 2)

4 K3 4 K8 4 K*
3 ap® oy )
—( K +2K>cous,
BTN 4+(“3z._.1_)s
A1 s\ 12/
2 1
Ag= X2 % ta'_‘(aa "‘—‘)121

12 K2 4 K? 4

)cosKr,

WA NN

S
l_l
\J1
=

|



. A= FSanT——IZéCOSKT'

Ap=

RS Sl

‘( A"’ Py

g
4 K2

T aKks K3

g & 2 1
= -z 3tsm1<r+<o‘3 + >ICOSKT,

&y g
= ..mKr———cosKr,

K2 K3
&yt ) _ Xy
4K’+——4K rsinKz 2 K¢
g Ky .
+ +—~«) .
+4K5smKt (41(‘_ 1K cos K1

_.,0‘_'?}‘_2_4_,5,“1(, (41&; +Z-I-<-)rcosKt+

a5 __) inK7— 225
+<41<4 b)) KT e

ap” oy
<4K5 +Z'IZ':‘" +"‘E>T$anT+

. +4aé2rcosl<t—

0(2 aa .
<—4K_5 + Ka)smKr-F

0ip2 Oy o oy
_+(2K° +41<4 4K2)cosKr,

&g oy 0‘.33 0‘3)
+
-—( S + 3 + M tcos Kt

a® oy g’ O3 .
+(F + i )kt
oy Xg Ko
+ (TK" + K") cos Kz ,

a5 &y (oc:,? 1)
12— -=)r,
4 K2 2kK2 2

o Ky

4 K3 4 K

& 1 &y Xy 3
—( N + )rsmKr—- 23 cosKT, - |
4 K3

4 K2 |
TCOSWT sinw 1 !
4 4w ’ l

4 4w

Tsinwt Cos WT

|

1

|

|

i

i |
R
R
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4, Investigation of the Optimum Rendezvous

Maneuver based .on the Non-linear Equations

of Motion of the Powered Spacecraft

(non-linear theory)

If the non-linear equations of motion of the powered space-

craft are used (non-linear theory), then the variational problem :

of the optimum rendezvous maneuver for minimum fuel consumption

amounts to determining the minimum of the following integrals, as

was shown in [2]

with the conditions

16

= @+ at ) dt
0

o

*
o 3

»
P,

.
D5

T et Ty

-

dx
2 -y, =0,
dt *
dv up
i —-’-ﬁﬂx—zv,K;fE +
dt Yom . Tom
2u '
+ 5‘ £ zsin @+
Yom

x

a.t=ol

dz-

— —V,=0 ,

da

av. . _up

ML o ol AP S

dt 7gm rsm z ,

2 3
+ 2V, ~2'L-L—E - —éﬁi x sin @ +

Yom Yom
Yom 1 2
+ o ‘ —a;=
SIS pray g Cngy ] L
dy
: _‘;—t- - Vl/ =0 ’
dvy
T
+u y —ay;=0

[ F (rom + 22 T y21°2

(1)

(25)
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_ As also stated in [2], in this formulation, the optimum /152
variational laws for the motion parameters of the powered space-
craft are derived using an iteration melthod, and the initial

values of the Lagrange @ultipliers Ao 2o, .., 4| are taken from

the linear theory.

Just as for circular trajectories [3] only the optimum con-
trol program is of special interest for the non-linear theory,

i. e. for the determination of the thrust acceleration components.

In order to compare the values derived from the linear and
non-linear theory, we will now‘give the values of the first approxi-

mation of the thrust acceleration components derived in [2]:

( ).n(,) 1 . L
8 === 3[22., + (— 210+ 2 240 ‘r/:‘m ”) ]!
@ e 26)
< az(l) = 14 = i[}.“) - (2 ;»20 Ve‘ftp + 130) t:]r ( )
2 2 rom ’
A0 1
1 ay (V) = _ez__ = Y (Aeo — 450 1)

5. Numerical Example

Using an electronic data-processing computer, we calculated
the thrust acceleration components ax’ QE, Eb for different flight
trajectories having eccentricities e = Qz%atotgié,9;912,94995-§9¢9P§q
ing to the linear theory. The numerical values shown in Table T
were used for the four variations, Eﬂ which the first represents
contact with the spacecraft and Fhe other three represent approach.

These are shown in Figures 3 to 6.
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TABLE I /152
i , . :
variatiogﬂ rop [10°m] p [10°m] £ @, [°] @ [°1 w« [10Y m3/sec?]
I 1 6,560 7,216 01 105 110 3,986
| 2 6,578 6,907 0,05 105 130 3,986
3 6,583 6,649 0,01 . 105 160 3,986
e b 4 6,616 6,649 0,005 105 200 3,986
a — - =
\“g} yarlatlozﬂ x, [10%m] zo [10° m] ¥ [10°m] Vi, [m/sec] Vi [m/sec] Vyo [m/sec] t [sec}
o :
3,6 1,2 1,0 — 80 - 25 — 20 86
10 4 3 - - —140 ~ 40 —30 397
25 15 10 . — 180 - 70 — 40 824
80 50 25 — 220 ©— 130 - — 60 821
N Y
i = h
i mfsec £=0/ i 06 \\
Lo msrvnary L~
(16 // a/
! ' / = 0 AN
‘ % a a \
== T —1 N
! a // 0 ——
i y— \ ,
; 0 20 40 80, 60 sec 0. y : o
} - )
- "o 60 160 20, 320 sec o0l
. |
Fig. 3 Fig. 4 :
‘ i
i
3 - l .
08 ! i
\ ) '
= i
| m/sec ¢=601 00- - - S !
‘ / o
I g ™S \ £=q005 -, ‘ P
! 2 y [ :
2 m/sec A
(" \ ] a L ) . / = ;
: =——</ a 04 \ / ’ T
i _\'\/7\_ . ! /‘\ [ j
) g P 3 S | !
”« \ / a’ . ‘
i 2" 1 — -
X 0 200 400 600 600 woo 0
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Fig. Fig. 6
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Using these values, we determined the components of relative /153
acceleration of the powered spacecraft based on the equations of
motion. This was plotted in in Figures 7 to 10.

The thrust acceleration components @, a®, 0] determined
according to the non-linear E%eory as a first approximation are
found to be only slightly different from those obtained according
to the linear ﬁbeory. This is why they are not shown here.

Using the linear ﬂheory we ‘also determine the components /154
V'V, Vy] of relative velocity of the powered spacecraft as well
as its coordinates x, z, ¥y. Thése are shown in Figures 11 through
14 and 15 through 18. |
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Correction: Instead of e€=0.01 we should
have written ¢+"0.005

6." FINALI REMARKS

The numerical calculations carried out for the optimum
rendezvous maneuver for four different elliptical flight trajec-
tories show that the thrust acceleration components 'a ., ay
are linear for small burning times. For longer burning times,
they deviate from this behaviour (Figures 3 to 6). For short
burning times, the eccentricity of the flight trajectory influences
the linear course of the thrust acceleration components in an
insignificant way. However the influence is strong for long burn-

ing times.

In addition, for short burning times, the thrust acceleration
components ‘%A%giﬂ dominate and are close to the values of the
(total) relative acceleration components aw, ax, a, ) . Large diffe#—
- ences between these values appear for long burning times (Figures
7 through 10). Also, we should note that the eccentricity of
flight trajectories Iﬁ?Iﬁéﬁqgﬂthe linear coﬁkse of the relative |
acceleration components @ A, 4w more than those of the thrusﬁW*}

acceleratiorn]  axa,a) : 7 K
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The components VnVaV%\ of the relative velocity of the
powered spacecraft and its coordinates x, y, z have a monotonic
course, except for cases in which the target body is passed
(Figures 11 through 14 and 15 through 18).

7. REFERENCES

1. The Generalization of a Variational Problem of a Rendezvous
Maneuver Along Orbits with Minimum Fuel Consumption. :
Rend. Accad. Naz. Lincei (Series VIII), Vol. 45, 1968,

No. 1 - 2.

2. Marinescu, Al. and L. Beiner. On the Minimum Propellant
Rendezvous Maneuver on Elliptical Orbits. Astronautica

Acta, Vol. 15, 1969, pp. 49 - 61.

3. Marinescu, Al. and L. Beiner. New Results Regarding the
Optimum Rendezvous Maneuver of Spacecraft on Circular .
Trajectories for Minimum Fuel Consumption. Z. Flugwiss,

Vol. 17, 1969, pp. 298 - 305.

22



